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Abstract. Given a Caldero´n–Zygmund (C–Z for short) operator T , which satisfies
Ho¨rmander condition, we prove that: if T maps all the characteristic atoms to W L1, then
T is continuous from Lp to Lp(1< p<∞). So the study of strong continuity on arbitrary
function in Lp has been changed into the study of weak continuity on characteristic
functions.
Keywords. C–Z operator; characteristic atoms; WL1; Hardy–Littlewood maximal
operator; *-maximal operator.
1. Principal theorem
In this paper, Lp(1 < p < ∞) continuity is obtained without assumption on L2 continuity,
but with a continuity which is much more weaker than the continuity from L2 to WL2−T
is continuous from characteristic atoms to WL1 and no information about its adjoint is
assumed; and so, an analysis problem is changed into a geometric problem.
Let B(u, t) be a ball with center u and radius t. A linear operator T , which is continuous
from S(Rn) to S′(Rn), corresponds to a kernel distribution K(x,y).
DEFINITION 1.
One calls T a C–Z operator or T ∈ HCZ, if T satisfies the following four conditions:
(i) Size condition:
sup
x,r
∫
r≤|x−y|≤2r
{|K(x,y)|+ |K(y,x)|}dy < ∞. (1.1)
(ii) Ho¨rmander regular condition:
sup
x,x′
∫
|x−y|≥2|x−x′|
{|K(x,y)−K(x′,y)|+ |K(y,x)−K(y,x′)|}dy < ∞. (1.2)
(iii) T1 condition:
T1 ∈ BMO, T ∗1 ∈ BMO. (1.3)
191
192 Q X Yang
(iv) Weak bounded condition:
|〈T f ,g〉| ≤ ctn(‖ f‖∞ + t‖∇ f‖∞)(‖g‖∞ + t‖∇g‖∞),
∀u ∈ Rn, t > 0,B(u, t), f ,g ∈C10(B(u, t)).
(1.4)
Before, Lp continuity is often obtained under the assumption of L2 continuity. Whether
an operator in Definition 1.1 is continuous on L2(Rn) or not is a very difficult open prob-
lem (see [8]). In this paper, Lp continuity is obtained under a condition which is more
weaker than L2 continuity – we suppose only that the given operator is continuous from
characteristic atoms to WL1.
In this paper, |F | denotes the measure of set F . Let E be a cube and let NE be the biggest
integer such that 2NE |E| ≤ 1. First, we introduce some definitions about atoms.
DEFINITION 2.
(i) One calls a(x) an atom on E or a(x) ∈ A1(E) or a(x) ∈ A1, if suppa(x) ⊂
E,‖a(x)‖∞ ≤ 2NE and
∫
a(x)dx = 0.
(ii) One calls a(x) a characteristic atom or a(x) ∈ A01(E) or a(x) ∈ A01, if there exist
two sub-cubes G and H in E which do not intersect each other such that a(x) =
1
|E| (χF(x)− χG(x)), where F is a subset of cube H and |F |= |G|.
(iii) One calls a(x) a special atom or a(x) ∈ A(E) or a(x) ∈ A, if a(x) = 1|E| (χF(x)−
χG(x)), where F and G are two sub-cubes in E such that |F ∩G|= 0 and |F |= |G|.
In fact, a(x) ∈ A1 is the usual ∞-atom in Hardy space, a(x) ∈ A is defined first in [7] for
Besov space B0,11 . The characteristic atom set A01 is composed by characteristic functions
and A $ A01 $ A1. Now we present a definition of Lorentz space WL1.
DEFINITION 3.
One calls f (x) ∈WL1(E), if ∀λ > 0,λ |{x: | f (x)| > λ}∩E|< ∞.
Whatever E = Rn or not, sometimes, one denotes WL1(E) = WL1. It is known that
WL1 is not a Banach space and it is only a completed metric space, because its norm
does not satisfy triangle inequality and this brings some difficulties in the study of
continuity.
The principal theorem in this paper is the following theorem.
Theorem 1.1. Given 1< p<∞. If T ∈HCZ, then the following two conditions are equiv-
alent:
T : Lp → Lp. (1.5)
T : A01 →WL1. (1.6)
The real analysis books discuss interpolation theorem (see [1,9]). Further, several years
after I have proved our Theorem 1.1 (see [12]), somebody told me that Journe´ in 1983
proved in [6] the following theorem.
Theorem 1.2. ∀1 < p < ∞, if ‖T‖H1→L1 + ‖T‖L∞→BMO < ∞, then T : Lp → Lp.
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Applying the above Theorem 1.2, the principal Theorem 1.1 can be decomposed to the
following two theorems.
Theorem 1.3. If T ∈ HCZ, then (i) T : A1 →WL1 implies T : A1 → L1 and (ii) T : A01 →
WL1 implies T : A01 → L1.
Theorem 1.4. If T ∈ HCZ, then T : A01 →WL1 implies T ∗: A1 →WL1.
The proof for Theorems 1.3 and 1.4 will be given in §§3 and 4. Here, we apply the
above three theorems to prove Theorem 1.1.
If T ∈ HCZ and T satisfies condition (1.6), by applying Theorem 1.4, T ∗ satisfies
condition (1.9) below, and hence T ∗ satisfies condition (1.6). Then one applies another
time Theorem 1.4 for T ∗, one gets T,T ∗: A1 →WL1.
Further, applying (i) of Theorem 1.3, one gets T,T ∗: A1 → L1. That is to say,
T,T ∗: H1 → L1. Since the dual space of H1 is BMO, one applies Theorem 1.2,
∀1 < p < ∞,T : Lp → Lp.
Furthermore, (1.5) implies that T satisfies (1.7) below, and so T satisfies (1.6). This
finishes the proof of Theorem 1.1.
Remark 1.1. We indicate here, that so much work has been done [3,4,5,7,10,11] which
deals with the continuity of C–Z operators since the famous T1 theorem of David and
Journe´ [2]. Note that the following conditions are more and more weaker:
T : H1 → L1. (1.7)
T : L1 →WL1. (1.8)
T : A1 →WL1. (1.9)
T : A →WL1. (1.10)
(1) A famous conjecture is: If T ∈ HCZ, then T is continuous from L2 to L2; Meyer [8]
calls it C–Z conjecture on Ho¨rmander condition. According to a famous result in [7],
if T ∈HCZ, then T satisfies condition (1.10); but we do not know, under the condition
that T ∈ HCZ, whether (1.6) is stronger than (1.10) or not. Hence C–Z conjecture
rests still open.
(2) The conclusion in Theorem 1.3 depends only on one single side Ho¨rmander
condition.
(3) As a C–Z operator T , it is known that L2 continuity implies that T satisfies all the
conditions from (1.5) to (1.10). In contrast, although Journe´ proved Theorem 1.2, in
our Theorem 1.1, we do not suppose any condition on the adjoint operator and we
suppose only a geometric condition (1.6) on the operator itself, which is weaker than
condition (1.7) or condition (1.8). In fact, there is no characteristic atom decompo-
sition for H1, hence (1.6) is weaker than (1.9). Furthermore, W L1 is not a Banach
space, so (1.9) is weaker than (1.7) or (1.8).
There are too many constants in this paper, C may be different at each occurrence; but
when a constant depends on some quantity, this constant will be specified.
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2. Preliminaries
In this section, we establish some results about the relations among sets, WL1 continuity,
approximation of operators and maximal operators. Let M be Hardy–Littlewood maximal
operator and 0 < δ < 1.
First, we know that Meyer has proved the following two lemmas in chapter 7 of [8].
For arbitrary Borel set B and ∀ f (x), denote θ = supλ>0 λ |{x: | f (x)| > λ}∩B|. Then one
has:
Lemma 2.1.
∫
B | f (x)|δ dx ≤C(n,δ )|B|1−δ θ δ .
Proof. Let Ek = {x ∈ B, | f (x)| > 2k} and kB the biggest integer satisfying 2k|B| ≤ θ . If
k < kB, then blow up |Ek| to |B|; if k ≥ kB, then blow up |Ek| to 2−kθ . Hence one has
∫
B
| f (x)|δ dx ≤C
+∞
∑
−∞
2kδ |Ek| ≤C|B|
kB−1∑
−∞
2kδ +Cθ
+∞
∑
kB
2−k(1−δ )
=C|B|2kBδ +Cθ2−kB(1−δ ) ≤C(n,δ )|B|1−δ θ δ .
Lemma 2.2. If EδN = {x: M| f |δ (x)> 2Nδ }, then |EδN | ≤C2−Nδ
∫
EδN
| f (x)|δ dx.
Proof. Let g(x) = f (x)|EδN , then
{x: M|g|δ (x)> 2Nδ}= {x: M| f |δ (x)> 2Nδ}.
Further, for arbitrary function g, one has |{x: M|g|δ (x) > 2Nδ }| ≤Cn2−Nδ‖g‖δLδ . Hence
|EδN | ≤C2−Nδ
∫
EδN
| f (x)|δ dx. ✷
For arbitrary ball or cube B, denote ˜B a ball or a cube with the same center and double
diameter. Then one can find the following result in [7].
Lemma 2.3.
(i) ∀T ∈ HCZ, there exists constant C,∀u ∈ Rn, for arbitrary ball or cube B with center
u, one has: ∀x /∈ ˜B, |T χB(x)| ≤ C|B||x−u| .
(ii) If an operator T satisfies conditions (1.1) and (1.2), then the following two conditions
are equivalent:
T satisfies conditions (1.3) and (1.4). (2.1)
‖T χB(x)‖L1( ˜B)+ ‖T∗χB(x)‖L1( ˜B) ≤C|B|,∀ ball or cube B. (2.2)
Now, let us consider the action of approximation operators on atoms. Let Mδ f (x) =
(M| f |δ (x))1/δ and let Kε (x,y) = K(x,y)||x−y|≥ε be the kernel distribution of Tε . Then, one
has
Lemma 2.4. If T ∈ HCZ, then for arbitrary cube E , we have
(i) ∀a(x) ∈ A(E), one has
|Tε a(x)| ≤CMδ Ta(x)+C2NE . (2.3)
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(ii) ∀a(x) ∈ A1(E) and T satisfies condition (1.9), (2.3) is still true.
(iii) ∀a(x) ∈ A01(E) and T satisfies condition (1.6), (2.3) is still true.
Proof. The proof of the above three conclusions in Lemma 2.4 is similar, and so one
proves only (ii). Let Bε be the ball {s: |x− s| ≤ ε2} and ˜Bε the ball with the same center
and twice the radius and let ˜Bcε = Rn\ ˜Bε . Then we define f2(x) as follows: (a) f2 is zero
on ˜Bε and (b) f2(s) = a(s) outside ˜Bε . Further, we decompose a− f2 into two functions f1
and fI : f1 is a function whose support is on ˜Bε and whose integral is zero, fI is a constant
function on ˜Bε and zero outside it. Hence a(x) is decomposed into three functions and
a = f1 + fI + f2.
Since | f2| ≤C2NE and |T f2(s)−T f2(x)|= |
∫
|x−y|≥ε K(x,y)a(y)dy−
∫
|x−y|≥ε K(s,y)a(y)dy| ≤∫
|x−y|≥ε |K(x,y)− K(s,y)||a(y)|dy, according to Ho¨rmander condition (1.2), ∀s ∈ Bε ,
one has: |T f2(x) − T f2(s)| ≤ C2NE . Since Ta(s) = T f1(s) + T fI(s) + T f2(s), then:
|T f2(x)| ≤ |Ta(s)|+ |T f1(s)|+ |T fI(s)|+C2NE .
One makes δ order integration for s on Bε and gets
|T f2(x)| ≤CMδ Ta(x)+Cε−(n/δ )
(∫
Bε
|T f1|δ ds
)1/δ
+Cε−(n/δ )
(∫
Bε
|T fI |δ ds
)1/δ
+C2NE . (2.4)
Applying Lemma 2.3, one gets ‖T fI‖W L1( ˜Bε ) ≤Cεn2NE . Since ε−n2−NE f1 is an atom, by
assumption, ‖T f1‖WL1 ≤Cεn2NE . Applying then Lemma 2.1, one gets∫
Bε
|T f1|δ ds+
∫
Bε
|T fI |δ ds ≤C|ε|(1−δ )nεnδ 2δNE =Cεn2δNE . (2.5)
By (2.4) and (2.5), we have |T f2(x)| ≤CMδ Ta(x)+C2NE .
Since T f2(x) = Tε a(x), one gets (2.3).
In the end of this section, we consider ∗-maximal operator of T . Let T∗a(x) =
supε>0 |Tε a(x)|, then one has:
Lemma 2.5. If T ∈ HCZ, then for arbitrary cube E , one has:
(i) If T is satisfying condition (1.9), then there exists constant C,∀a(x) ∈ A1(E), and one
has:
|Ta(x)| ≤ |T∗a(x)|+C2−NE . (2.6)
(ii) If T is satisfying condition (1.6), then there exists constant C,∀a(x) ∈ A01(E), and
(2.6) is still true.
Proof. The proof of (ii) is similar to that of (i), so one proves only (i). If T ∈ HCZ, then
applying Lemmas 2.3 and 2.4, the operators {Tε}ε satisfy the condition (2.2) uniformly.
Then there exist an operator T0 satisfying (1.1), (1.2) and (2.2), and a subsequence ε j
which converges to 0 such that Tε j → T0 in the sense of norm of (1.1), (1.2) and (2.2).
According to Lemma 2.3, T0 ∈ HCZ.
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Further, choosing two test functions such that their supports are disjoint, one knows
that the kernel distribution of T −T0 vanishes out of the diagonal x = y. Then there exists
a L∞ function m(x) such that, for arbitrary cube E and F and for arbitrary function f (x) ∈
L∞(F), one has
〈T f (x),χE(x)〉= lim〈Tε j f (x),χE(x)〉+ 〈m(x) f (x),χE(x)〉. (2.7)
Finally, if T ∈ HCZ is satisfying condition (1.9), by (2.7), there exists constant C such
that, for arbitrary cube E and ∀a(x) ∈ A1(E), (2.6) is true.
3. Upgrade of regularity
As to a C–Z operator, usually, H1 → L1 continuity is obtained by L2 continuity; but the
L2 continuity is often established by a fixed decomposition (continuous or discrete) of the
operator. But when the regularity of K(x,y) is weakened to Ho¨rmander condition (1.2), it
is difficult to revert to the operator itself from the operators which have been decomposed
[8,11,12]. Further, when we try to establish operator’s continuity under wavelet basis, the
continuity from H1 to L1 often needs a much stronger weak regularity than from L2 to
L2 [11]. In this section, one proves Theorem 1.3 through upgrading W L1 continuity to L1
continuity. Since the proofs for (i) and (ii) are similar, one proves only (i).
Now one proves (i) of Theorem 1.3 in three steps.
(1) ∀ atom a(x) on cube E , ∀N ≥ NE , the following inequality is true:
2N |{T∗a(x)> 2N}| ≤C. (3.1)
Applying Lemma 2.4, one has
|Tε a(x)| ≤CMδ Ta(x)+C2NE .
That is to say, |T∗a(x)| ≤CMδ Ta(x)+C2NE .
Let EδN = {x: M|Ta|δ (x)> 2Nδ}. According to Lemma 2.2, one has
|EδN | ≤C2−Nδ
∫
EδN
|Ta(x)|δ dx.
Since ‖Ta(x)‖WL1 ≤C, applying Lemma 2.1, one gets
∫
EδN
|Ta(x)|δ dx ≤C(n,δ )|EδN |1−δ .
Combining the last two inequalities, one gets 2N |EδN | ≤C. So (3.1) is true.
(2) There exists a constant C, ∀ atom a(x) on cube E and ∀N >NE , the following inequal-
ity is true:
|{x: T∗a(x)> 2N+2}| ≤C2NE−N |{x: T∗a(x)> 2N}|. (3.2)
∀x ∈ Rn and let ‖x‖ be the maximum value of the coordinates. Let EN =
|{x: T∗a(x) > 2N}|. Then there exist the biggest dyadic cubes E lN such that
|E lN∩E l
′
N |= 0 for l 6= l′ and EN =∪lE lN . Let βl be the center of E lN and dl the length of
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E lN and let ˜E lN be the dyadic cube which contains E lN with double length. Hence there
exists a point αl in ˜E lN , but αl /∈ EN . Hence |T∗a(αl)| ≤ 2N and ‖αl −βl‖ ≤ 3
√
2
2 dl .
Let F lN be the set of x belonging to E lN such that |T∗a(x)| > 2N+2. In order to prove
(3.2), it is sufficient to prove
|F lN | ≤C2NE−N |E lN |, ∀N >C+NE . (3.3)
Fix l, denote by E l,∗N the cube with the same center but with 12 times diameter of
E lN . Let alN =
1
|E l,∗N |
∫
E l,∗N
a(x)dx. To prove (3.3), one decomposes a(x) into three func-
tions: ap(x) = alNχE l,∗N (x), a1(x) = (a(x)− a
l
N)χE l,∗N (x) and ac = a(x)(1− χE l,∗N (x)).
Let Bx = B(x,βl ,ε,dl) = {y: |x− y| ≥ ε and ‖y−βl‖ ≥ 6dl}. For u ∈ Rn and t > 0,
let B(u, t) = {y: |y− u|< t} and B(u, t)c = {y: |y− u| ≥ t}.
For ac(x), one has
|T∗ac(x)−T∗ac(αl)| ≤ sup
ε>0
|Tε ac(x)−Tεac(al)|
= sup
ε>0
∣∣∣∣
∫
B(x,βl ,ε,dl)
K(x,y)a(y)dy
−
∫
B(αl ,βl ,ε,dl)
K(αl ,y)a(y)dy
∣∣∣∣
= sup
ε>0
Iε .
∀x ∈ E lN , one considers two cases:
(†) If |ε| ≤ (6− 3
√
2
2 )dl , then Bx =Bαl = {y: ‖y−βl‖≥ 6dl}. Hence Iε = |
∫
(K(x,y)−
K(αl ,y))ac(y)dy| ≤
∫ |K(x,y)−K(αl ,y)||ac(y)|dy. Applying Ho¨rmander condition
(1.2), one gets |Iε | ≤C2NE .
(‡) If |ε|> (6− 3
√
2
2 )dl , then the symmetry difference of Bx and Bαl is SD = B1∪B2
where B1 = B(x,ε)c ∩B(βl ,6dl)∩B(αl ,ε) and B2 = B(αl ,ε)c ∩B(βl ,6dl) ∩B(x,ε).
Hence
Iε ≤
∣∣∣∣
∫
Bx
(K(x,y)−K(αl ,y))a(y)dy
∣∣∣∣+
∫
SD
|K(αl ,y)||a(y)|dy
= I1 + I2.
As to I1, let C1 = {y: |x− y| ≥ 2|x−αl |} and C2 = {y: ( 3
√
2
2 − 34 )|x−αl | ≤ |x− y| ≤
2|x−αl |}. Then we have Bx ⊂ C1 ∪C2 and I1 ≤
∫
C1 |K(x,y)−K(αl ,y)||a(y)|dy+∫
C2 |K(x,y)−K(αl ,y)||a(y)|dy. We apply Ho¨rmander condition (1.2) to the first part
and apply size condition (1.1) to the second part, we get I1 ≤C2NE . As to I2, we apply
simply size condition (1.1), and get I2 ≤C2NE . Hence one has |Iε | ≤C2NE .
Combining the conclusions in the above two cases (†) and (‡), one has
|T∗ac(x)−T∗ac(αl)| ≤C2NE . (3.4)
Now one proves
|T∗ac(αl)| ≤ |T∗a(αl)|+C2NE . (3.5)
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First, according to the definition of T∗ac(αl), one has
T∗ac(αl) = sup
ε>0
∣∣∣∣∣
∫
|αl − y| ≥ ε‖y−βl ‖ ≥ 12dl
K(αl ,y)a(y)dy
∣∣∣∣∣= supε>0 I
ε .
When ε ≥ dl , one has
Iε ≤
∣∣∣∣∣
∫
|αl − y| ≥ ε
‖y−βl‖ ≥ 12dl
K(αl ,y)a(y)dy−
∫
|αl−y|≥ε
K(αl ,y)a(y)dy
∣∣∣∣∣+T∗a(αl).
Reasoning as above, one has, Iε ≤ T∗a(αl)+C2NE .
When ε < dl , one has
Iε =
∣∣∣∣
∫
‖βl−y‖≥8dl
K(αl ,y)a(y)dy
∣∣∣∣ .
Reasoning as above, one has, Iε ≤ T∗a(αl)+C2NE . Hence (3.5) is true.
Combining (3.4) and (3.5), one gets
∀x ∈ E lN , |T∗ac(x)| ≤ 2N +C2NE . (3.6)
According to Lemma 2.3, the W L1 norm of Tap(x) is not greater than C2NE |E lN |.
According to the assumption (i) of Theorem 1.3, the WL1 norm of Ta1(x) is not
greater than C2NE |E lN |. Applying (3.1), ∀N ≥ NE , the following inequality is true:
2N |{x: T∗(a1 + ap)(x) > 2N}| ≤C2NE |E lN |. (3.7)
Let E ′l = {x∈ E lN ,T∗(a1+ap)(x)> 2N+1}, then |E ′l | ≤C2NE−N |E lN |. Since 2N+1 >
C2NE |E lN |, by (3.6), F lN ⊂ E ′l , hence (3.3) is true.
(3) Repeat applying (3.2), one gets
∑
N≥C+NE
2N |{x: T∗a(x)> 2N}|< ∞.
Furthermore, ∀N ≥C+NE , and applying Lemma 2.5, one gets
{x: |Ta(x)|> 2N} ⊂ {x: T∗a(x)> 2N+1}. (3.8)
Hence one gets
∑
N≥C+NE
2N |{x: Ta(x)> 2N}|< ∞. (3.9)
Let Ed be the cube which has the same center as E but whose edge has double
length and Ec = Rn\Ed . Applying then Ho¨rmander condition (1.2), Ta(x) ∈ L1(Ec)
one gets
∑
N<C+NE
2N |{x: Ta(x)> 2N}|< ∞. (3.10)
By (3.9) and (3.10), Ta(x) ∈ L1. Hence T : A1 → L1.
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4. From characteristic atom to atom
For arbitrary cube EN , let EkN be the cube with the same center as EN but with 2k times
length. In this section, one proves Theorem 1.4 by contradiction.
If Theorem 1.4 is not true, then ∀N > 0, there exists cube EN , atom aN(x)∈ A1(EN) and
integer SN such that 2SN |FN | ≥ N, where FN = {T ∗aN(x) > 2SN}∩E1N . By contradiction
hypothesis,
|〈T ∗aN(x),χFN (x)〉| ≥ N. (4.1)
One chooses a cube GN which is contained in E3N −E2N and with the same measure of
FN . Let bN(x) = 1|EN |(χGN (x)− χFN (x)). Applying then condition (1.1), one has
|〈T ∗aN(x),χGN (x)〉| ≤C. (4.2)
Hence one has
|〈T ∗aN(x),bN(x)〉| ≥ N−C|EN | . (4.3)
According to the assumption of Theorem 1.4, T bN(x) ∈ WL1. Applying then (ii) of
Theorem 1.3, one gets that T bN(x) ∈ L1. Hence one has
|〈T bN(x),aN(x)〉| ≤C‖aN(x)‖∞.
Since |〈T ∗aN(x),bN(x)〉|= |〈T bN(x),aN(x)〉|, then we have
|〈T ∗aN(x),bN(x)〉| ≤C‖aN(x)‖∞. (4.4)
Since ‖aN(x)‖∞|EN | ≤C, then there is a contradiction between (4.3) and (4.4).
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